An electric sail uses the solar wind dynamic pressure to produce a small but continuous thrust by interacting with an electric field generated around a number of charged tethers. Because of the weakness of the solar wind dynamic pressure, quantifiable in about 2 nPa at Earth's distance from the sun, the required tether length is of the order of some kilometers. Equipping a 100-kg spacecraft with 100 of such tethers, each one being of 10-km length, is sufficient to obtain a spacecraft acceleration of about 1 mm=s 2 . These values render the electric sail a potentially competitive propulsion means for future mission applications. The aim of this paper is to provide a preliminary analysis of the electric sail performance and to investigate the capabilities of this propulsion system in performing interplanetary missions. To this end, the minimum-time rendezvous/transfer problem between circular and coplanar orbits is considered, and an optimal steering law is found using an indirect approach. The main differences between electric sail and solar sail performances are also emphasized. 
Introduction A N ELECTRIC sail is an innovative propulsion concept that, similar to a more conventional solar sail, allows a spacecraft to perform high-energy orbit transfer maneuvers without the need for reaction mass. Because electric sails can operate nominally over indefinitely long periods, the achievable energy changes are substantial, greater than those possible with conventional (either chemical or electrical) propulsion systems.
The fundamental electric sail concept was devised by Janhunen in 2004 [1] and then refined in a recent paper [2] . The basic idea consists in spinning the spacecraft around an axis and using the rotational motion to deploy a number (on the order of 100) of long conducting tethers. These are connected to a solar-powered electron gun for which the aim is to maintain the tethers at a high (up to 20 kV) positive potential. The electric field generated by the tethers behaves like a shield for the solar wind ions that, impacting on it, generate a low but continuous thrust. To prevent the lifetime reduction of a single-line tether caused by the impact with meteoroids or orbital debris, each tether is composed of multiple wires with redundant interlinking (referred to as Hoytether [3] ), according to the project developed by Forward and Hoyt [4] . The Hoytether technology has been developed in the framework of tether transport systems and has been proposed as a key element in a number of space missions [5] [6] [7] . The tether width for a typical electric sail application is about 2 cm and is composed of wires for which the diameter is 20 m. Successful tests conducted recently (July 2007) at the University of Helsinki have verified the feasibility of bonding a 25-m-diam wire. Therefore, a diameter value of 20 m for the electric sail wires appears compatible with the current or near-term technology.
Assuming a 100-kg spacecraft with 100 such tethers, each being of 10-km length, the electric sail provides about 0.1-N thrust at 1-AU distance from the sun. Unlike solar sails, for which the propelling thrust varies as the inverse square distance from the sun, the electric sail thrust force decays as 1=r 7=6 (see [2] ). Once deployed, the tethers are maintained stretched by rotating the spacecraft with a spin period of about 20 min and lie on the same plane (the spin plane). The electricity needed to power the electron gun is obtained from conventional, modest-sized, solar panels. A conceptual sketch of an electric sail is shown in Fig. 1 .
The thrust produced by the solar wind on the tethers has been predicted by simulation and theory [2] . It is typically on the order of 50-100 nN=m and depends on the solar wind conditions (in terms of both density and speed) and on the tether potential (the thrust increases with the potential). The dynamic pressure of the solar wind is, on average, about 2 nPa at 1-AU distance from the sun and is about 5000 times smaller than the radiation pressure of the solar photons that provide the momentum source used by a solar sail. Therefore, one might think that the obtainable performance (in terms of acceleration) of an electric sail is much less than that of a solar sail. However, when compared with a two-dimensional membrane surface, a charged and thin tether can be built extremely lightweight per effective sail area produced. This is possible because the effective "electric width" of a charged tether is about 20 m (a few times the plasma Debye length in the solar wind), a dimension for which the order is one million times larger than the physical thickness of the wire.
A space mission based on an electric sail propulsion system requires that the sail plane attitude may be varied to turn the thrust direction. To this end, a potentiometer (that is, a tunable resistor) is placed between the spacecraft and each tether. Because the thrust magnitude depends on the tether potential, the latter can be slightly changed through the potentiometer. As a result, the tether spin plane can be turned by modulating the potentiometer setting with a sinusoidal signal synchronized to the sail rotation. In particular, the phase of the signal defines the turn direction and its amplitude determines how fast the plane rotation occurs.
When the sail plane is oriented normal to the solar wind, a radial thrust is obtained with respect to the sun-spacecraft direction. However, a circumferential component can also be generated by inclining the sail plane at an angle with respect to the nearly radial solar wind flow. The corresponding thrust angle (that is, the angle between the net thrust and the radial direction) is approximately equal to one-half the sail plane's inclination angle. Although the maximum value of is not known with confidence, we estimate that it may reach a value ranging between 20 and 35 deg. The presence of an upper constraint on max is justified by the necessity of preventing possible mechanical instabilities, even if the occurrence of a critical behavior for > max still deserves a more detailed investigation.
Unlike solar sails, one of the operational benefits of an electric sail is that the thrust magnitude and direction can be independently controlled within some limits. Another interesting feature is the possibility of introducing coasting arcs in the spacecraft trajectory without the need for attitude maneuvers. In fact, the electric sail thrust can be turned on or off at any time by simply switching on or off the electron gun. The finite capacitance of the tethers causes only a corresponding delay on thrust modulation of a few tens of seconds.
The aim of this paper is to characterize the electric sail performance and to analyze the capabilities of this propulsion system in performing interplanetary missions. For mathematical tractability, and in accordance with a preliminary mission analysis, we introduce the substantial simplification of a constant value for the solar wind velocity. The electric sail thrust level, of course, depends on the solar wind properties, which actually are variable and cannot be reliably predicted beforehand. Nevertheless, these uncertainties can be compensated for by the electric thrust control: that is, by adjusting the electron-gun current and voltage to counteract the thrust changes due to the solar wind variations.
The paper is organized as follows. The mathematical model characterizing the propulsive thrust as a function of the main design variables is first described. Then a mass breakdown model is introduced to account for the contribution of payload, spacecraft body, and tethers to the total spacecraft mass. This allows one to quantify to first order the dependence of the spacecraft propulsive acceleration on the main design parameters (wire radius, length, and wire potential) and on the payload mass fraction. The electric sail performance is then investigated by considering a classical minimum-time, circle-to-circle, two-dimensional transfer. Finally, a performance comparison with a flat solar sail is discussed.
Thruster Mathematical Model
Consider a tether of length L charged at a potential V and plunged in the solar wind. The electric field generated around the tether interacts with the solar wind in such a way that a small thrust is obtained. It may be shown [2] that the propulsive force per unit of tether length is
Although the solar wind velocity v sw is actually a function of the distance r from the sun [8] , in this paper, we use the simplified approximation of considering a constant value for the solar wind velocity [2] : that is, v sw 400 km=s. In Eq. (1), n and T e depend on r as
and
where n 7:3 10 6 m 3 is the mean solar wind electron density at r ≜ 1 AU, and T e 12 eV is the corresponding mean solar wind electron temperature [9, 10] . As a result, F is a function of the distance r from the sun [via Eqs. (2) and (3)] and of the two design parameters V and r w .
If one neglects the dependence on r in the logarithm argument of Eq. (1), the following approximate expression for the propulsive force is found [2] : which states that the propulsive force reduces with the sunspacecraft distance as r 7=6 . Note that F is the value of F calculated from Eq. 
Spacecraft Acceleration
A mass distribution model is now introduced to obtain an estimate of the spacecraft acceleration. Specifically, the following mass breakdown is assumed:
where m b is the mass of the spacecraft body (including structures, electron gun, and electronics), and m t comprises the total length of tethers used for the electric sail. The value of m b per unit length of tether, referred to as m b , is a function of the applied voltage V of the characteristic dimension r w of each wire constituting the tether and of the mass-to-power ratio , according to the following relationship [2] :
where k t is a coefficient that models the interaction between the different wires of a multiline tether [4] . For example, k t 4:3 for a tether constituted by four wires. The mass-to-power ratio can be estimated using statistical data, on the base of the current technology. In particular, for all of the following simulations, we assume 0:25 kg=W, a reference (and conservative) value compatible with that used in the SMART-1 mission [11, 12] .
The tether mass per unit length is
where a value w 4000 kg=m 3 is assumed (this corresponds to aluminum alloyed with copper or some other heavier metal). Denoting the payload mass as a fraction of the total spacecraft mass, ≜ m pay =m, from Eqs. 
The modulus of spacecraft propulsive acceleration, at a distance r from the sun, is given by the ratio between F and m : that is, 
Therefore, after the tether material w and its configuration k t are chosen, the ratio a =1 depends on the voltage V and on the radius r w of each wire only. The isocontour lines for the sail propulsive acceleration at 1 AU are shown in Fig. 3 in dimensionless form (a was divided by the sun's gravitational acceleration a ≜ =r where the coefficients c 0 , c 1 , and c 2 are given in Table 1 . Note, however, that the coefficients in Table 1 are not universal in the sense that they depend on the value of the mass-to-power ratio .
To summarize, when the payload mass and the wire radius are fixed, and under the assumption that the optimal voltage value is taken (V V ? ), the spacecraft mass per unit length is given by Eq. (8), and Eq. (12) provides the relationship between the payload mass fraction and the value of the propulsive acceleration at 1 AU.
The total tether length L can be calculated as
Equation (13) is drawn in Fig. 6 for different values of the payload mass fraction. For example, assuming a payload mass m pay 100 kg and 100 tethers, the length of each tether is 1550=100 15:5 km. This length is compatible with a tether transport system for applications dedicated to interplanetary transfers [5] or orbital raising [6, 7] . It may be shown that the power required to maintain the tether potential can be supplied by conventional, modest-sized, solar panels. In fact, assuming an average solar wind density n 7:3 cm 3 , a wire radius r w 10 mm, and an electron-gun potential of 20 kV, from Eq. (9) of [2] one obtains a current per unit length equal to 1:96 nA=m. Multiplying this value by k t 4:3 to account for the multiple-wire Hoytether structure and by the total length of 1550 km, one has a current of 13 mA. Multiplying this current by the electron-gun potential and assuming an efficiency of the electron gun of 90%, one obtains that the power required by solar panels is about 290 W.
An interesting comparison with a conventional solar sail can now be made. Assuming, for example, a wire radius r w 10 m and a propulsive acceleration a 0:5 mm=s 2 , Eq. (12) provides a payload mass fraction 72:3%. This value is substantially greater than that achievable with a solar sail [13] . For comparative purposes, consider a square, high-performance, and perfectly reflecting solar sail having a characteristic acceleration 0:5 mm=s 2 and a sail assembly loading of 10 g=m 2 [13] . Using the mass breakdown model proposed in [14] , it may be shown that the solar sail side length is about 100 mm and the payload mass fraction is 45.2%, with a percentage decrease of 37.5% with respect to an electric sail. 10 m) .
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Electric Sail Performance
The performance of an electric sail can now be thoroughly investigated by studying the minimum-time transfer problem between circular and coplanar orbits. To this end, we start our analysis from the heliocentric equations of motion for an electric sail in a polar inertial frame T r; . Bearing in mind that the sail acceleration is given by Eq. (9) 
where the sail polar angle is measured anticlockwise from some reference position (see Fig. 7 ), and 2 max ; max . The switching parameter 0; 1 models the thruster on/off condition and is introduced to account for coasting arcs in the spacecraft trajectory.
As stated, we look for the minimum time
f ≜ mint f (18) necessary to perform a circle-to-circle orbit transfer. At the initial time t 0 0, the electric sail state is given by
Conditions (19) are representative of an electric sail deployment on a parabolic Earth-escape trajectory: that is, with zero hyperbolic excess energy (C 3 0 km 2 =s 2 ). The minimum time t 
where i is the adjoint variable associated with the state variable i. The corresponding time derivatives _ i @H=@i are provided by the following Euler-Lagrange equations:
The final boundary conditions for a circle-to-circle rendezvous problem are
where r f is the target orbit radius. The final polar angle t f is left free and is an output of the optimization process. Finally, the minimum flight time is obtained by enforcing [15] the transversality condition Ht f 1.
From Pontryagin's maximum principle, an optimal steering law is found by maximizing, at all times, the Hamiltonian function. The result is
where 2 0; is defined as
Note that if one removes the constraint on max (which amounts to saying that max ), Eqs. (26) and (27) reduce to Lawden's primer vector control law [16, 17] . Because H depends linearly on , a bangbang control law for the switching parameter is optimal, or
where is given by Eq. (26).
Numerical Simulations
A number of missions have been simulated by varying the spacecraft propulsive acceleration at 1 AU in the range a 2 0:5; 6 mm=s 2 and the maximum thrust angle in the range max 2 20; 35 deg. In particular, missions toward Mars (r f r ♂ ≜ 1:52368 AU) and Venus (r f r ♀ ≜ 0:723332 AU) have been investigated.
The minimum-time rendezvous problem was solved using a set of canonical units in the integration of the differential equations to reduce their numerical sensitivity. The differential equations were integrated in double-precision using a Runge-Kutta fifth-order scheme with absolute and relative errors of 10 6 . The final boundary constraints were set to 100 km for the position error and 0:1 m=s for the velocity error. These tolerance limits are consistent for purposes of preliminary mission analysis. In fact, the electric sail cannot operate in the planet's magnetosphere because it uses the solar wind to generate the propulsive acceleration.
The simulation results have been summarized in Fig. 8 . Recall from equations of motion (16) and (17) that the electric sail performance is fully specified after the value of a is given. In The details for an Earth-Mars mission are shown in Fig. 9 . Note that the optimal trajectory (illustrated in Fig. 10 ) includes a coasting arc ( 0) for which the length is about 85 days. During the two propelled arcs, the optimal thrust angle coincides, at all times, with its maximum allowed value max 20 deg. Also, Fig. 11 shows that the required sail angular rate (calculated with respect to an inertial frame) is always less than 1 deg =day for the sample mission. Figure 8 shows that the sensitivity of t ? f to the propulsive acceleration at 1 AU increases as long as a is decreased. Because, for a given tether length, m pay is inversely proportional to a (see Fig. 6 ), it is also interesting to calculate the optimal transfer times for small values of a . Assuming an Earth-Mars transfer and max 20; 30 deg, the simulation results are shown in Fig. 12 . For comparative purposes, Fig. 12 also shows the minimum times corresponding to a flat solar sail with an optical force model [18] [19] [20] . In this latter case, a coincides with the solar sail characteristic acceleration: that is, the maximum sail acceleration at 1 AU. The minimum times have a substantial increase for a < 0:4 mm=s 2 and, as expected, t ? f a has a vertical asymptote as a ! 0. Figure 12 shows that there exists a value (a 0:55 mm 2 =s 2 for max 20 deg and a 1:6 mm=s 2 for max 30 deg) beyond which the solar sail performance is superior to the electrical sail. At a first glance this result might seem surprising because the electric sail, a being equal, has a higher propulsive acceleration than a solar sail for r > r . In fact, although the solar sail thrust decreases as the inverse square distance from the sun, the electric sail thrust has a smaller reduction, described by Eq. (9) . Nevertheless, the better solar sail performance can be explained by the fact that the solar sail SS has a much higher capability of orienting the thrust [18] and generating a circumferential thrust component than the electric sail ES, or max SS max ES. Finally, the performance of an electric sail was investigated as a function of the final orbit radius in the range r f 2 1:1; 4 AU with a 0:5 mm=s 2 and max 30 deg. The simulation results have been summarized in Fig. 13 and compared with the performance obtainable with a flat solar sail with an optical force model and a characteristic acceleration equal to 0:5 mm=s 2 . Although more refined mathematical models and experimental evidence are necessary in support of these simulations, the obtainable reduction in mission times suggests that the electric sail may represent a promising option for future space missions.
Conclusions
The electric field generated around an electric sail, interacting with the solar wind, produces a low thrust that can be used as a spacecraft propulsion system. The resulting thrust can be oriented, within some limits, by inclining the normal to the electric sail spin plain with respect to the sun-spacecraft direction, thus creating a circumferential thrust component. Because the maximum inclination angle of the electric sail is constrained to not exceed a prescribed maximum angle, it is important to investigate the limitations that this constraint poses on the spacecraft maneuver capabilities. To quantify this effect, we analyzed the problem of minimum-time rendezvous between circular and coplanar orbits. The problem was solved using an indirect approach and the resulting optimal control law was applied to study rendezvous missions to Mars and Venus. A reasonable comparison between an electric sail and a more conventional solar sail system was established in terms of payload mass fraction deliverable for a given mission. Assuming the same value of characteristic acceleration for the two sails, an electric sail is potentially superior to a solar sail both in terms of payload mass fraction deliverable and in terms of thrust magnitude at a given solar distance. Although the electric sail still deserves more refined theoretical and experimental studies, the proposed study represents a first step toward substantiating this propulsion concept in terms of preliminary mission design. 
